ABSTRACT. We find a relation between Lagrangian Floer pairing of a symplectic manifold and KapustinLi pairing of the mirror Landau-Ginzburg model under localized mirror functor. They are conformally equivalent with an interesting conformal factor (vol F l oer /vol ) 2 , which can be described as a ratio of Lagrangian Floer volume class and classical volume class.
Pairings in each of these play important roles. Let us recall the pairings in closed theories. Quantum cohomology Q H * (M ) becomes a Frobenius algebra with a Poincaré duality pairing, and this generalizes to the structure of Frobenius manifold (see Dubrovin [10] ). Jacobian ring of W has a residue pairing, which generalizes to the Saito's flat structure on the space of universal unfoldings of W [26] . The closed string mirror symmetry have been studied by many people, Givental, Fukaya-Oh-Ohta-Ono and Iritani to name a few. In particular, Fukaya-Oh-Ohta-Ono introduced a geometric construction of a map from quantum cohomology to the Jacobian ring, called KodairaSpencer map ks. One could ask whether this Kodaira-Spencer map preserves the pairing structures.
For example, Fukaya-Oh-Ohta-Ono [17] have shown that if the toric manifold is nef and the mirror potential function is Morse, then Kodaira-Spencer map preserves the (closed) pairings (i.e. ks is an isometry).
We will find that ks is not an isometry in general, but only a conformal map whose conformal factor can be described in terms of Lagrangian Floer theory. Let us describe the pairings in open string theories. Fukaya category of a compact symplectic manifold has cyclic symmetric inner product. This is a pairing on Lagrangian Floer theory, given by Poincaré duality, with further cyclic symmetry with respect to A ∞ -operations (see Fukaya [13] , cf. Ganatra [18] for noncompact cases). For matrix factorization category of a Landau-Ginzburg model, such pairing is given by Kapustin-Li pairing, suggested by Kapustin-Li [20] and mathematically developed by several people, including Murfet [23] , Dyckerhoff-Murfet [12] , PolishchuckVaintrob [25] and Shklyarov [33] . More precisely, the Kapustin-Li pairing is given by the following formula. For f ∈ Hom M F (W ) (X , Y ) and g ∈ Hom M F (W ) (Y , X [n]),
where Q Y is the structure map of the matrix factorization Y (i.e. Q
Y = W · I d
). These open-string structures are sometimes called Calabi-Yau structures. Costello [9] have shown that the structure of open-closed topological conformal field theory is equivalent to a Calabi-Yau A ∞ -category. The relationship of pairings between open and closed theories in A-model (or in Bmodel) are present already on the level of 2 dimensional topological conformal field theory (see Section 2 for more details). Also, Kontsevich-Soibelman [21] , Costello [9] and Ganatra-PerutzSheridan [19] use this structure to build up closed theory from open string theory.
We are interested in relations of pairing under homological mirror symmetry between Fukaya category of M and matrix factorization category of W . So far, such a relation between open string pairings was largely mysterious. We investigate such a relationship in this paper and we use this to find the conformal factor for Kodaira-Spencer map of closed string mirror symmetry. Now, let us explain the construction in this paper. We wish to establish the following commutative diagram: Let L be a Lagrangian submanifold of M , and denote by H F (L, L) its Lagrangian Floer cohomology (which we assume it to be well-defined possibly after adding a bounding cochain ξ).
Recall that an open-closed map OC on A-side is constructed from pseudo-holomorphic discs with an input from Lagrangian Floer homology H F (L, L) with an output to quantum cohomology Q H * (M ).
On B -side, the corresponding open-closed map is more often called boundary-bulk map. For closed string mirror symmetry, we consider the Kodaira-Spencer map ks (as in [17] ). For open string mirror symmetry, we use the homological mirror functor F L from localized mirror construction of [6] and [7] . There an explicit homological mirror functor has been constructed by studying formal deformation space of a particular (immersed) Lagrangian submanifold L, which is called reference Lagrangian. Floer potential of L defines a Landau-Ginzburg model W L defined on the formal Maurer-Cartan space of L. Then, a curved version of Yoneda embedding canonically defines an FIGURE 1. Boundary-bulk map of F L (α)
explicit A ∞ -functor from entire Fukaya category to the matrix factorization category of W L . It is called localized mirror functor, since the functor only detects Lagrangians which has non-trivial Floer intersection with L. In particular, it provides an explicit correspondence between the Floer strip and the structure map Q of the matrix factorization (Q 2 = W L − λ for some constant λ). Localized mirror formalism works a little differently depending on whether the reference Lagrangian L is an immersed Lagrangian or Lagrangian torus (see Section 3.) Now, to compare (ks • OC ) and (boundary-bulk • F L ), we introduce an isomorphism
Here, c L = vol F l oer /vol is the ratio of Floer volume class and classical volume class defined in Definition 4.1.
The isomorphism I can be viewed in the following perspective. Kodaira-Spencer map ks is a ring isomorphism to Hochschild cohomology of M F (W L ), which is isomorphic to the Jacobian ring Jac(W L ). On the other hand, the residue is canonically defined on Jac(W L )d x 1 · · · d x n , which is isomorphic to the Hochschild homology of M F (W L ). Therefore, the issue is how to identify Hochschild cohomology and homology as modules. We propose to use the map I above and this factor comes from the Diagram 1.2.
One of main observation is that the map (boundary-bulk•F L ), which is the supertrace Str We prove (1) in Theorem 5.2 and Corollary 5.4. We find how to transform multi-crescents in Figure 1 to bi-crescents B (α), using A ∞ -equations, Jacobian relations and properties of supertrace. We prove (2) in Theorem 7.3. The part (2) corresponds to Figure 2 , which is a reformulation of the proof in toric cases by Fukaya-Oh-Ohta-Ono [17] . Although cobordism argument was verified only for toric manifolds, we expect the theorem to hold in general cases.
In the case of orbi-sphere P
, Amorim-Hong-Lau and the first author defines Kodaira-Spencer map in the work in progress and proves closed string mirror symmetry. The proof of Cardy identity in [17] carries over to this case also (we will assume this in this paper).
Next step is to consider pairings in closed string mirror symmetry with isomorphism I . (1) In the proof of P For toric manifolds, we prove it in Proposition 8.1. The above proposition in that case is a reformulation of the result of [17] .The isomorphism I does not appear in their work, but we show that their result is equivalent to the above diagram: Fukaya-Oh-Ohta-Ono introduced the new residue pairing on B -side 〈·, ·〉 r es Z using Floer theoretic Z -invariant. We find that the difference of 〈·, ·〉 r es Z and the complex geometric residue pairing 〈·, ·〉 r es is recorded in the isomorphism I .
We can combine diagram (1.2) and diagram (1.3) . For this it is more convenient to consider the traces instead.
The first square commutes because the functor respects the product structures.
As a corollary, we obtain the following comparison result. 
) (Closed pairings) Pairing for quantum cohomology and residue pairing for Jacobian ring can
be identified by multiplication of c
For M toric manifold which is nef and if the mirror potential W is Morse, then we have c
The conformal factor c L in P 1 3,3,3 case is computed in Lemma 9.5 We expect that the conformal factor c L is related to the choice of a primitive form of Saito [26] over the universal unfolding of W L (which can be obtained as a bulk-deformed version of the construction in this paper). We plan to investigate the precise relationship in the near future.
PAIRINGS IN MIRROR SYMMETRY
2.1. Open-closed maps and pairings. In this subsection, we recall the expected properties of the open and closed pairings from the point of view of open-closed 2-d topological Field theory. We refer readers to [22] , [28] for more details. Recall that 2-d TFT is roughly given by a functor from 2-d cobordism category to the category of (graded) vector spaces, with the sewing condition. For the open-closed theory, an oriented surface is allowed to have two type of boundaries. Let B 0 be the set of boundary conditions. Then, one type of boundary is either closed string boundary (a closed circle) or an open string boundary which is an oriented interval with labels in B 0 at each end points. The other is a boundary sector which is a open or closed curve carrying a single label in B 0 .
Sewing operation is allowed only between two closed or open string boundaries, and the orientations (and labels for open case) of boundaries should match. Sewing condition means that that sewing operation of surfaces corresponds to a composition of morphisms between vector spaces.
For a closed string boundary, TFT assigns a vector space C , and for an open string boundary which is oriented from a to b, TFT assigns a vector space O ab . Pair of pants corresponds to the commutative product structure on C , and open version of pair of pants corresponds to the composition in a C-linear category B whose objects correspond to B 0 . Both C and O aa have non-degenerate traces
which also gives rise to closed and open pairings
Here non-degeneracy follows from the gluing axiom. Now, there are openclosed (boundary-bulk) and closed-open (bulk-boundary) maps
CO a is an algebra homomorphism preserving the identity element (CO(1 cl ) = 1 op ). CO a and OC a are adjoints to each other
By setting v = 1 cl in the above adjoint identity, we obtain the relation between open and closed traces:
These properties give C (resp. B) a structure of Frobenius algebra (resp. a Calabi-Yau category).
Recall that 2-d topological conformal field theory where one additionally consider chain model of the moduli space of bordered Riemann surfaces gives rise to the data of Calabi-Yau A ∞ -category (see Costello [9] ). For the definition of A ∞ -category and its cyclic structure, see Appendix A. We remark that cyclic symmetry of an A ∞ -algebra is not a homotopy invariant, and the relevant homotopy notion is discussed in [4] . There is a weaker notion, called infinity inner product( [34] ), which is given by a quasi-isomorphism between A and A * as A-bimodules. The latter enables us to relate deformation theory (Hochschild cohomology with coefficients in A) and Hochschild homology theory. Now, let us recall A-model for symplectic manifold, and B -model for Landau-Ginzburg model, and relevant structures that we have discussed.
2.2.
A-model. For a compact symplectic manifold M , closed string A-model is given by quantum cohomology of M . As a module it is isomorphic to singular cohomology H * (M ; Λ) but its cup product structure is deformed by J -holomorphic curves. The associated pairing is Poincare duality pairing and thus its closed trace is given by the integration
Open A-model of M is given by Fukaya category F u(M ) which is a filtered A ∞ -category. Its objects are compact Lagrangian submanifolds, which are possibly immersed relatively spin, and equipped with flat complex line bundle on it. For simplicity, we denote each object by the Lagrangian L. Its morphisms Hom(L 1 , L 2 ) are given by Lagrangian Floer complex C F (L 1 , L 2 ) and m k operations are defined by counting J -holomorphic polygons with Lagrangian boundary conditions. For its construction we refer readers to [14] and [30] .
The open trace
where PSS denotes well-known Piunikhin-Salamon-Schwarz isomorphism (when it exists). This gives rise to homologically non-degenerate, graded symmetric pairing (see [30] (12e)). The graded symmetry of the pairing follows from the graded symmetry of the product. Closed-open and open-closed maps have been defined in this setting has been proved to be very useful (see [2] , [14] , [29] for example). In the simplest setting, we have
These maps can be defined by considering the moduli space 
n ]. Given a LandauGinzburg potential W ∈ R, closed string Landau-Ginzburg B -model is given by Jacobian ring
In this case, trace Tr cl is given by the residue pairing
If W has only non-degenerate critical points, then residue can be easily computed to be
Open string Laundau-Ginzburg B -model is the dg-category of matrix factorizations.
, where
Definition 2.2. Given two matrix factorizations (E ,Q), (F,Q ), Z/2-graded morphisms from (E ,Q) to (F,Q ) are given by homomorphisms
Compositions of morphisms
are defined in the obvious way. The differential on a morphism is defined as [24] . Here, D sg (X ) is defined by the quotient of D b (X ) by Per f (X ) which is a thick subcategory consisting of complexes which are quasi-isomorphic to bounded complexes of projectives. If X is smooth then D sg (X ) is trivial, hence the category measures how the variety is singular.
The pairing for LG B -model was suggested by by Kapustin and Li [20] .
where Q Y is the structure map of the matrix factorization Y .
which is given by matrix multiplication of matrices of one forms via wedge products. We refer readers to Appendix B for the definition and properties of Str. Many people have contributed for the mathematical understanding of the above pairing. The existence of non-degenerate pairing without explicit description was established by Auslander [1] and Murfet gave a mathematical derivation of the above formula and the proof of non-degeneracy.
We have
Thus we have the compatibility of closed and open string traces under boundary-bulk map (2.2). Segal [28] , Polishchuk-Vaintrob [25] and Dyckerhoff-Murfet [12] deepened the understanding boundarybulk (open-closed) map, and we refer readers to these references for more details. So far, R is a (Laurant) polynomial algebra, but we need to consider more general algebras with Novikov field coefficients:
Here, , denotes the completion with respect to the filtration of Novikov field Λ. In this case, we follow Dyckerhoff-Murfet [12] and use Grothendieck residues in the above definitions. In [12] , they proved that these generalizations provide the relevant pairings in TCFT.
LOCALIZED MIRROR FUNCTORS
In this section, we recall the formalism of localized mirror functors developed in [6] and [7] . Later we will use this to understand Kapustin-Li pairing in terms of Lagrangian Floer theory. Here is the rough idea of the formalism. Fix a reference object L in a filtered A ∞ -category C , and consider its deformation theory. Namely, solve its weak Maurer-Cartan equation, and obtain a potential function W L on the solution space. Then the first author with Hong and Lau [6] defined a canonical A ∞ -functor from the original A ∞ -category C to the dg category of matrix factorizations of W L . This construction may be considered as curved Yoneda embedding with respect to L and its weak Maurer-Cartan element. This can be generalized to the non-commutative Landau-Ginzburg models and quivers as discussed in [8] .
3.1. Deformation by Maurer-Cartan elements. We briefly review the Maurer-Cartan formalism from Fukaya-Oh-Ohta-Ono [14] to set the notations. Maurer-Cartan elements may be understood as a formal deformation of a given object. The idea of localized mirror functor is to look at formal deformation space of a reference Lagrangian object L, and view other objects through these deformations.
Consider a filtered unital A ∞ -category A over Λ. Novikov ring Λ 0 is defined as usual
For each λ ∈ R, Λ 0 has a filtration
We denote Λ + = F >0 Λ 0 and the localization of Λ 0 gives the Novikov field Λ.
For any object L, we have a closed element
We can consider the following weak Maurer-Cartan equation
Here 
Localized mirror formalism has been developed in two settings, when L is an immersed Lagrangian, or when L is a torus T n . (Mixed type can be defined easily by combining two approaches, but for simplicity we will consider these two types only).
Immersed cases.
We recall the construction of [6] to which we refer readers for details. Later in this paper, we will consider the particular case of P 
(with values in Λ + or Λ 0 with suitable convergnece assumption) and set
Denote by Y the solution space of weak Maurer-Cartan equation
The mirror functor F L on objects works as follows. Given an unobstructed object K (i.e. with
given by the Floer complex, which is Z/2-graded, together with deformed differential m 1 is a matrix with entries in R, regarded as an R-module homomorphism between R-modules generated by even or odd intersection points.
This can be generalized for any weakly unobstructed object (K , b ) with
In this case, b does not involve any variables, and hence W K (b ) ∈ Λ is a constant, and it provides matrix factorization of W L at value W K (b ). This can be made into an A ∞ -functor as we will explain in the last part of this section.
Toric cases.
We recall the construction of [7] to which we refer readers for details. In the toric case, the idea in the immersed case does not immediately generalize. Main reason is due to the choice of mirror variable. First, in toric case, the standard mirror variable is obtained from SYZ perspective based on the choice of Lagrangian torus fiber L(u) and its holonomy. To apply our approach, we fix a Lagrangian and we only use the (generalized) holonomy part as a mirror variable. The second, more serious issue is that in this case, we need a new variable y = e x and matrix factorizations in y variable, but naive generalization of the above idea produces some factorizations in x-variables, which does not provide matrix factorizations in y-variables. In [7] the following approach was introduced to overcome these difficulties. The idea is to consider a flat line bundle over the Lagrangian, whose holonomy is concentrated near co-dimension one tori (which is called hypertori).
Consider basis
We choose closed one
Then, its holonomy along closed loops in L is given by ρ b , where we set
We can also deform m k,β to m
In fact, we can generalize this approach, and consider a flat Λ 0 -bundle
for x i ∈ Λ 0 . Note that holonomy along any loop lies in Λ * 0 . This allows us to take x i in Novikov ring Λ 0 .
We will may still write the resulting
since ρ depends on b, and we read holonomy along the entire boundary of a holomorophic disc. We may also use the notation m 0,··· ,0,b k when we read holonomy along the last segment of the boundary of a holomorphic polygon for m k . In this way, we can make the toric cases parallel to the immersed cases. Now, to define a mirror functor, we want to make sure that the deformation m 0,b 1 can be written in terms of exponential variables y i = e x i only. We need to choose a good connection one form. If Lagrangian K transversely intersect with L at finitely many points, then we can choose hyper-tori away from these intersection points. If we choose connection one form θ i 's to be supported in a small neighborhood of hypertori, away from intersection points, then we can see that holonomy contribution for any J -holomorphic polygon can be written in y i -variables. This is the idea.
In particular, (−m 0,b 1 ) 2 counts J -holomorphic strips, with holonomy contribution along the upperboundary of the strip, and this holonomy can be easily computed by counting the intersection number between the boundary of the strip and the hyper-tori's. As a result, we get a potential function in R = Λ y 1 , y
, and matrix factorizations of W ∈ R.
3.4.
A ∞ -functor. After setting up Maurer-Cartan space and potential function, localized mirror functor is given canonically from algebraic machinery, which is similar to Yoneda embedding.
To write the functor, we turn dg-category into an A ∞ -category (cf. [32] ).
) is defined as follows. Its objects are Z/2-graded finite dimensional matrix factorizations of W , denoted as (E ,Q) as in Definition 2.1.
All other m k 's are set to be zero. These define an A ∞ -category.
Theorem 3.2 ([6] Theorem 2.18). We have an
A ∞ -functor F L from Fukaya A ∞ -category to A ∞ (M F (W )).
On the level of objects, it sends a weakly unobstructed Lagrangian L with Maurer-Cartan element ξ to the matrix factorization (E ,Q), which is given by
On the level of morphisms,
is defined as
These define an A ∞ -functor.
In the current convention, we do not have additional signs in (3.2).
Proof. We omit the superscript b's in the proof below as it is canonically determined from the inputs. It is enough to show that
The first term can be written as
The second term can be written as
The third term can be written as
Hence, this proves the claim.
B -INVARIANT
In this section, we define B -invariant which assigns to a Floer cohomology element α ∈ H F (L, L) an element of Jacobian ring Jac(W L ).
The motivation to define such an invariant is to have the following commuting diagram, which will be shown in the next section.
Here is the setting. Let M be a symplectic manifold with its Fukaya category F u(M ). We assume that F u(M ) is a unital filtered A ∞ -category. (If it is only homotopy unital, one can take quasiisomorphic A ∞ -category which is unital and apply the construction.) Let L be a fixed reference Lagrangian submanifold with a weak Maurer-Cartan space Y and a potential function
Let L be any Lagrangian in F u(M ). As explained in the last section, for immersed cases we also allow L = L, but for toric cases, we require
We further assume the following condition, which holds in all of our examples.
is generated by degree one elements X 1 , · · · , X n and that the total rank of the cohomology is 2 n . In this case, the (degree n part of ) quantum product of all generators, will be called a Floer volume class or Floer point class. Namely, we define
and its degree n-part with sign correction is denoted as
For the sign, we consider the toric case. Note that the cup product convention of [14] is
Denote by m 2,0 the classical cup product part of m 2 , then we have
where vol L = X 1 ∪ · · · ∪ X n . Therefore, it is natural to correct it by the sign (−1) n+1 .
Lemma 4.2. We have the following (1) Floer cohomology H F ((L, b), (L, b)) is non-trivial if and only if
We will give a proof of this lemma at the end of this section.
Remark 4.4. We do not assume that A ∞ -algebra is cyclic symmetric.
From Lemma A.2 (1), B (α) vanishes if degree of α is not equal to n mod 2.
Remark 4.5. The above construction extends to the case that L is equipped with a Maurer-Cartan element ξ, and
As such extension is obvious, we assume that ξ = 0 to simplify the exposition.
it is independent of the choice of representative in its cohomology class.
Proof. In the proof, we will omit the notation b as it can be determined from the inputs. We must show that
We assume
is zero by degree reason. Then |γ| = n − 1. Applying A ∞ -relations repeteadly, we have
). Then |A| = 1, and
Note that the first term vanishes from Lemma A.2 (3), and the second term lies in the Jacobian ideal from Lemma 4.2 (3). Thus (4.4) vanishes in Jacobian ring, which proves the claim. 
Note that we have an induced isomorphism
is the A ∞ -unit, we have the following identity:
Proposition 4.9. We have the following properties certainly depends on the top degree part. This seem to be the geometric reason behind the claim (1) in the proposition.
Proof.
(1) For the invariance B (α) under permutation, we use a non-trivial algebraic fact from [25] . Namely, the claim is a corollary of Theorem 5.3 and 5.2. (2) By A ∞ -relation, 
Last two terms vanish again due to the graded symmetry, so
For the last equlity, we can handle the term m 2 (m 1 ( 
This proves the first claim. For the toric cases, recall the following Lemma 11.8 from [15] Lemma 4.11. Let γ be a harmonic one form on a Lagrangian torus fiber L.
Using the similar method, one can prove the following.
In particular, this implies that
Thus we have
For (2) 
BOUNDARY-BULK MAP AND B -INVARIANTS
In this section, we show that diagram (4.1) commutes. This explains the relation between Binvariants and boundary-bulk maps in B -model. X i ) ). Thus, the boundary-bulk map provides a geometric configuration of multi-crescent discs in Figure 1 . We prove in the following main theorem that this can be reduced to bi-crescent discs with m 2 -discs attached as in Figure 3 using A ∞ -identities and the properties of supertraces
Definition 5.1. The boundary-bulk map
τ : End A ∞ (M F (W L )) (P,Q) → Jac(W L ) · d x 1 ∧ · · · ∧ d x n is defined as f → (−1) n 1 n! Str( f • (dQ) ∧n ).
Theorem 5.2. We have following identity of supertraces (modulo Jacobian ideal relations).
where [X n , · · · , X 1 ] is defined in Definition 4.1 and
For the toric case, the above can be stated with y i variables as well, since we have
. RHS of (5.1).
To relate this to the commutativity, we recall from Polishchuk-Vaintrob:
Theorem 5.3 (Corollary 3.2.4 [25]).
Moreover the right hand side of the above equation is invariant under the permutation of indices
Combining the above two theorems, we obtain the commutativity of the diagram 1.2 as a corollary.
Corollary 5.4.
Proof. Let us discuss the immersed case first. Under localized mirror functor, we have Q = −m
. Thus, we can combine the above two theorem to show that LHS of (5.3) equals
which is the sign for B -invariant.
Let us prove Theorem 5.2.
Hence, we can write
We will modify the above expression using various A ∞ -equations. Let us denote
The expression (5.4) can be written as
We consider the following A ∞ -equation of K 3 (•), X 2 and X 1 , which contains the above term. 
Lemma 5.5. The expression (5.6) equals
Proof. Note that from the A ∞ -equation, we have
Note that the second term on the right hand side lies in the Jacobian ideal. Hence, successively applying the above, we have (modulo Jacobian ideal)
(•)). This proves the lemma.
This lemma is helpful because of Lemma A.3(3). Namely, if δ(p α ) = 0, then
Therefore, the contribution of the term (5.6) to the supertrace is zero. X 1 ) . Now, the latter can be written as
By repeating the same arguments, we find that the contribution of the original term equals that of
MORSE-BOTT VERSION OF B -INVARIANTS FOR TORIC MANIFOLDS When we defined
we excluded the case L = L for toric type. Namely, if the reference Lagrangian L is a torus, then we needed to introduce the notion of hypertori's to construct localized mirror functors in Section 3.3 and the localized mirror functor F L on the object L itself was ill-defined and had to work with its hamiltonian perturbation. But we show that B -invariant is well defined for the Bott-Morse case for toric manifolds.
Proposition 6.1. Let M be a compact toric manifold, and L a Lagrangian torus fiber. B -invariant for
the Morse-Bott case L = L B L : H F (L, L) → Jac(W L ) d y 1 y 1 ∧ · · · ∧ d y n y n is well-defined . For any L 1 = φ H (L),
which is quasi-isomorphic to L in the sense of 4.7, their Binvariants B L and B L 1 can be canonically identified.
The localized mirror functor F L was ill-defined for L = L due to the choice of mirror variable y i
instead of x i when y i = e x i . While mirror functor on L may not be written in y i -variables, we will see that B -invariant is written in y i -variables. On the other hand, we still need mirror functor to relate B -invariant with the boundary-bulk map of B -model (and thus to Kapustin-Li pairing). The second claim in the above Proposition 6.1 will provide this compatibility, which was already proved for the transverse case B L 1 in the previous section.
We first explain more detailed construction of localized mirror functor and B -invariants for toric manifolds.
6.1. Floer theory for general toric manifold. Recall that Lagrangian Floer theory for toric manifolds has been developed in [5] (Fano case), [15] (general case) and we will follow the latter version. We will consider cases without bulk-deformations for simplicity.
Let π : M → R n be the moment map with a polytope P . For u ∈ i nt (P ), L(u) = π −1 (u) is a Lagrangian torus fiber, which is a T n -orbit. Holomorphic discs with boundary on L(u) has been classified in [5] . Note that T n -action on M induces an action on the moduli space of (stable) holomorphic discs with boundary on L(u). Fukaya-Oh-Ohta-Ono considered T n -equivariant Kuranishi structure on this moduli space to show that a torus fiber L(u) on a general toric manifold M is weakly unobstructed. Here T n -equivariance is used in the following way. Any moduli space of holomorphic discs of Maslov index ≤ 0 should vanish as the expected dimension of the moduli space is less than n = dim(L) (for example, dim(M 1 (β)) = n + µ(β) + 1 − 3), but T n -equivariance implies that any non-trivial moduli space should have dimension at least greater than or equal to n.
Each torus fiber L(u) is associated with its (canonical) unital filtered A ∞ -algebra
Elements b ∈ H 1 (L(u), Λ 0 ) are shown to be weak bounding cochains, and m(e b ) = W (b)1 L(u) defines the potential function. Namely, we have
By setting y i = e x i , potential function W F OOO can be written as a sum
for P i 's are Laurant polynomials which do not depend on u. If M is toric Fano, then each P i corresponds to toric divisor D i , and c i (u) is the area of basic Maslov index two disc which intersects the D i once, and do not intersect other D j for j = i . In general it could be an infinite sum. For a fixed u ∈ Int(P ), we may set 
Proof. Recall that in Section 3.3, we used holonomy variables in C * (or in Λ * 0 ) to define localized mirror functor, but the variables of RHS are from the bounding cochains. Using Lemma 4.11, one can turn degree one insertions into exponential form to identify these two potential functions.
For the rest of the paper, we identify these two potentials and write it as W for simplicity. Recall that in [17] , authors introduce Jac(W ) = Λ y, y
where the closure is taken with respect to the norm e −σ P T .
On the other hand, in localized mirror formalism, we fix a torus fiber L(u) and use a single valuation σ u T . Note that there is a canonical map (for any u ∈ P ) Λ y, y
and the latter is the Jacobian ring that is used to define B -invariant. We will use this map to compare them. Let us recall construction of cyclic symmetric A ∞ -algebras given in [17] (which is based on [13] ). The perturbation on the moduli space of J -holomorphic discs should be invariant under the cyclic permutation of boundary marked points, and for this the technique of continuous family of multisections is used.
We will leave the details to the above references, but only remind an important issue regarding unobstructedness. T n -equivariant perturbation in [15] was used to show that H 1 (L(u), Λ 0 ) form weak bounding cochains. But when using the technique of continuous family of multi-sections, this does not hold. because the moduli space of negative expected dimension may be non-empty after perturbation. To find weak bounding cochains, one should use the A ∞ -quasi-isomorphism between these two constructions, and transfer weak bounding cochains from one to the other. Let (H , {m
c,ρ k,β })) be the A ∞ -algebra of L 0 with T n -equivariant (resp. cyclic symmetric T n -equivariant) perturbation in [15] (resp. in [17] 
and we remark that even when b + = 0, Φ * (b + ) could be non-trivial due to Φ 0 (1), the part of the A ∞ -functor with zero input and one output. We refer readers to [17] for full details. to define an A ∞ -functor from the Fukaya category F u λ to the matrix factorization category of W L(u) . This defines a localized mirror functor. See [7] for more details. , but we take a supertrace. In a transversal case, it is clear that trace is non-trivial only if the L 0 -part of the boundaries of the pseudo-holomorphic polygons connect to a loop. For the Bott-Morse version, this argument does not work.
To prove the first claim of Proposition 6.1, we find an equivalent definition of B -invariant whether the holonomy contribution is apparently on y i -variable. But we can follow Fukaya-Oh-Ohta-Ono to use the moduli space of pseudo-holomorphic annuli to construct a cobordism from the configuration for B -invariant to another configuration as in Figure 2 . Then it is quite clear that the holonomy contribution for the latter is on a loop, and thus given as a Laurant monomial on y i .
More explicitly, we proceed as follows. We may first rewrite B -invariant using inner product. Let us denote the basis of C F (L, L) as {e I }, and set g I J = 〈e I , e J 〉 P D , and denote by g I J its inverse matrix. As we consider deformed Lagrangian (L, ξ) , B -invariant can be written as
We use the fact that
For the last equality, we use Proposition 7.6.
Let us recall a few notations first. Open-closed map and closed open map in toric setting was denoted as
7.1. Commutative diagram. We prove the commutativity of the following diagram.
Theorem 7.3. Let M be a compact toric manifold, and L be a Lagrangian torus fiber. Define a map
Then, we have a commuting diagram
Remark 7.4. For ks, we have fixed a reference Lagrangian L = L. So ks should be denoted as ks
we just write ks for simplicity.
Remark 7.5. We restrict to the case that M is a general compact toric manifold to use the constructions of Fukaya-Oh-Ohta-Ono. But the arguments in this section should generalize to other cases in principle. For example, for the case of orbi-sphere P , the construction of Kodiara-Spencer map with bulk insertions as well as mirror symmetry statements are work in progress of the first author together with Amorim-Hong-Lau. The above diagram should hold in that case also. In Section 9, we will make a computation of c L for the case of orbi-sphere P In toric cases, one can take w as a T n -invariant cycles and the output becomes a constant multiple of fundamental class 1 L (due to T n -equivariancy). Pairing with vol L gives the constant and if we decorate it with the symplectic area of the disc and holonomy (or boundary deformations)), it defines the Kodaira-Spencer map ks(w). This (bulk) weakly unobstructedness is one of the most important ingredient for the Kodaira-Spencer map and it does not necessarily hold for general Lagrangian submanifold. It is shown that different choice of T n -invariant cycles produces the same output up to Jacobian ideal. Fukaya-Oh-Ohta-Ono have shown that Kodaira-Spencer map is a ring isomorphism from a big quantum cohomology of toric manifold to Jacobian ring of W in [17] (see Theorem 8.3).
The composition of these two maps, ks • OC is illustrated in 2. On the other hand, such a configuration can be studied using a pseudo-holomorphic annuli. The moduli space of annuli with one marked points in each boundary M In fact, Fukaya-Oh-Ohta-Ono do not consider this composition ks • OC directly, but they define Z -invariant, which is closely related to it. For ks • OC , we consider pseudo-holomorphic annuli where one boundary condition is (L, b) , and the other boundary condition is (L, ξ). In the toric case, we are specializing to the case that L = L, but b contains mirror variables and ξ is a fixed Maurer-Cartan element. Thus the result lies in a Jacobian ring. In Fukaya-Oh-Ohta-Ono's work both boundaries of pseudo-holomorphic annuli is given by (L, ξ) , and the result is a numerical Zinvariant in Λ 0 . If we fix b to have value ξ and take a residue value then we recover Z -invariant (We will explain more about Z -invariant in the next section).
Using Fukaya-Oh-Ohta-Ono's theorem (Theorem 6.4), we can prove the following.
Proof. We will use cyclic symmetry to prove this lemma. We first show that the boundary deformation of cyclic A ∞ -structure still has the cyclic symmetry.
Recall that for the symmetric pairing 〈, 〉 on V , if we set 〈v, w〉 c yc = (−1) |v|(|w|+1) 〈v, w〉, then resulting pairing becomes skew-symmetric for V [1] . A cyclic symmetric pairing on an A ∞ -algebra is a skew-symmetric non-degenerate pairing 〈, 〉 c yc , which satisfies
where * = |w 0 | (|w 1 | + · · · + |w k | ) for the shifted degrees |w| = |w| − 1. For boundary deformed operations, we have 〈m
Similarly, one can check that
Therefore in the following proof, the boundary deformed version should automatically follow, and we will omit them for simplicity. Now, we are ready to prove the lemma. By dimension counting of the right hand side, the statement is only non-trivial if |α| = n (mod 2), which we will assume. Let us denote the basis of H (L, L) by {e I } with a non-degenerate pairing 〈e I , e J 〉 = g I J and we denote by g I J its inverse matrix. For
Note that Tr e I → (−1)
Here, 1 is computed using Lemma 3.10.9 of [14] . We compute exponents modulo 2.
2 is computed using Koszul sign of cyclic symmetry.
3 is computed using Lemma 3.10.9 of [14] again.
The proof of signs in Theorem 6.5 was omitted in the reference, and we give its proof for completeness. We follow the sign convention of [14] .
Lemma 7.8. For the case that dim(X ) is even, we have
We omit its proof since it is a standard sign calculation as in [14] . Also recall from [14] Section 3.10 that
. and hence
The sign term in 3rd equality vanishes because it is dim(α)|h| + dim(h)|α|. This is even since |h| = dim(h) mod 2.
THE CASE WITH WITH MORSE SINGULARITIES
Let M be a toric manifold and L a Lagrangian torus fiber. Assume that W L has Morse singularity at (L, b = ξ). We prove the following diagram in this section, which is a reformulation of the result of Fukaya-Oh-Ohta-Ono [17] . Fukaya-Oh-Ohta-Ono introduced the new pairing on B -side 〈·, ·〉 r es Z using A-side invariant Z instead of the standard residue pairing of complex geometry 〈·, ·〉 r es . (More precisely, they define 〈1 u , 1 u 〉 r es Z = 1/Z so that it is compatible with quantum cohomology pairing in Lemma 8.5.) In this way, the Kodaira-Spencer map becomes an isometry in (2) . In our approach, we use the standard residue pairing on B -side and the difference is explicitly given by (c L ) 2 (where c L is the ratio of Floer volume and classical volume class defined in Definition 7.1.) In remark 1.2.26 of [17] , it is mentioned that authors expect that pairings of A and B -side do not agree exactly in general cases.
8.1. Z -invariant and A-side pairing. We recall Z -invariant of Fukaya-Oh-Ohta-Ono from [17] . Zinvariant is defined for each unital Frobenius algebra (C , 〈, 〉, ∪, 1). Given a basis {e I } of C with e 0 being the unit, set g I J = 〈e I , e J 〉 and let g I J be its inverse matrix. Then, the Z-invariants of (C , 〈, 〉, ∪, 1) is given by
Then, given a filtered A ∞ -algebra for a Lagrangian torus fiber L(u), FOOO constructed its cyclic
If one forgets higher m ≥3 , this gives unital Frobenius algebra, hence a Z -invariant.
If W is not Morse singularity, Z invariant vanishes (B -invariant defined in this paper provides an alternative, since it does not vanish for non-Morse cases).
Z -invariant for Morse singularities is related to the quantum cohomology pairing as follows.
Let us set bulk parameter b = 0 for simplicity. 
Here vol L(u) is the degree n volume form on L(u) with L(u) vol L(u) = 1.
Lemma 8.5.
Proof. Since W is assumed to be a Morse function, its Jacobian ring is direct sum of field factors corresponding to each critical points (determined by a torus fiber L(u) and a bounding cochain ξ), and we denote this factor simply as 1 u which can be identified as a class in H (M ; Λ 0 ). From Theorem 6.5, we have
Since i * is an algebra homomorphism, sending 1 u to 1 L(u) , we get the last equality. Hence i * (vol u ) may be set as
. On the other hand, we have Z = 〈i * (vol u ), i * (vol u )〉 P D M from the previous proposition. Hence, we get the lemma by combing these two results.
8.2.
Computing Z -invariant. We recall the computation of Z -invariant from [17] adapted to our setting(see Section 6.1), and also follow notations thereof. The first thing we need is to observe that Floer cohomology algebra is the Clifford algebra ( [3] )
Recall that Clifford algebra C l (n, d ) with n-generators and quadratic form 
with det(A) = 1. Therefore, by setting e i = A j i e j , e i 's satisfiy the Clifford algebra relation. And we have e 1 ∧ · · · ∧ e n = e 1 ∧ · · · ∧ e n . Thus, we can define an algebra map
To show that Ψ is an isomorphism, it is enough to show that {e i } generate cohomology algebra. But since
it is easy to see that {e i } generate cohomology algebra H (L(u)) from the gapped filtered condition of Floer theory.
As explained in Section 6.1, we need to the quasi-isomorphic cyclic-symmetric A ∞ -algebra: The isomorphism Φ : (H , {m
, and sends m 2 -product
· · ·∪ Q,c e n should be a cohomology class in H (L(u)). We denote its top degree component as
Here c L = 1 + σ for some σ ∈ Λ + by construction. Now, let us explain how Fukaya-Oh-Ohta-Ono compute Z -invariant from {e 1 , · · · , e n }. We may set
Here is the computation of Z -invariant(we refer readers to [17] for the signs). Set
and g I J to be its inverse. Proof. By theorem 6.5, the LHS of (8.2) only depends on degree n part of e {1,··· ,n} . So we have (Hess(W ) ). Therefore, we have LetX = C/(Z ⊕ e 2πi /3 Z) be a symplectic torus, and consider a Z/3-action onX as the rotation by 2π/3. Its Z/3-quotient is an orbifold sphere P and W L using localized mirror functor has been proved in [6] (see below for more details). Closed mirror symmetry between quantum cohomology of P In this section we prove the following theorem. We first recall that L is constructed as a quotient of an embedded circle L 1 inX . Consider the image of ι : R → C be a map
and pr : C →X be the quotient map. Then pr • ι defines an embedded circle L 1 . The immersed Lagrangian L is obtained from L 1 projecting to the quotient P The preimage of L inX is given by three embedded circles, which are Z/3-action images of L 1 . Furthermore, we equip L with Cbundle the holonomy λ = e 2π −1 (or non-trivial spin structure) represented by a point on L so that we reverse the sign whenever the boundary passes through this point. Then we have three degree 1 immersed sectors X , Y and Z for Floer homology of L in P 
where φ and ψ are formal power series of q as follows:
Using the family (L, b), we have the closed string mirror symmetry as follows. 
which is a ring isomorphism.
Remark 9.4. In fact, in the above work in progress, they discuss all cases P with bulk deformation by twisted sectors.
be Poincaré duals of the fundamental class and the point class of P 1 3,3,3 , respectively. Then
In [6] , it is shown that
We may compute and check 〈ks(1 P Now we compute c L which is the number of triangles with vertices (Z , Y , X ). Recall that signs for holomorphic polygons on surfaces are computed as follows, due to [31] . Let u ∈ M (p 1 , ..., p k ; q) be a holomorphic polygon, where p 1 ∈ L 0 ∩L 1 , · · · , p k ∈ L k−1 ∩L k , q ∈ L k ∩L 0 . The sign of u is determined by the following steps.
• If a Lagrangian is equipped with a nontrivial spin structure, put a point • on it, on which the nontrivial spin bundle is twisted.
• Disagreement of the orientation of ∂u on L 0 is irrelevant.
• If the orientation of ∂u on p i p i +1 does not agree with L i , the sign is affected by (−1) |p i | .
• If the orientation of ∂u on p k q does not agree with L k , the sign is affected by (−1) |p k |+|q| .
• Mutiply (−1) l when ∂u passes through nontrivial spin points • l times. which is nothing but the coefficient of x l −1 y l −1 z l −1 of f g · detC , when C is a matrix satisfying Our goal is the following: 〈a, b〉 P D = 〈ks(a), ks(b)〉 c L , in other words
ks(a)ks(b)
and if a ∪ Q b = P D(pt ) + α where α ∈ Q H * (P . By Cho-Hong-Lau's result, ks(α) has degree less than 3, so it contributes as zero in the residue. To summarize, we finish the proof if we show that
ks(PD(pt))
Recall from above that ks(PD(pt)) =
ks(PD(pt)) 3 .
Therefore, (9.4) corresponds to the following identification of formal power series.
We have numerically checked the identity by Mathematica up to very large order.
Remark 9.8. Satake-Takahashi [27] proved that Frobenius manifold structures on Q H * (P 1 3,3,3 ) and on the universal unfolding of W L are isomorphic, using uniqueness of solution of WDVV equation. But it was not known whether the Kodaira-Spencer map(which is constructed geometrically) preserves the parings on each side. We showed that it does not preserve the pairing at the origin unless we multiply c 2 L . If we generalize our construction using bulk-deformations, we obtain universal unfoldings of W L . We hope to investigate such a generalization and relation to the work of [27] 
